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Variable N-Factor Method for Transition Prediction
in Three-Dimensional Boundary Layers
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Linear amplitudemethodsare presented for estimating the locationof transitioncaused by cross� ow instabilities,
intended for moderate- to low-turbulence environments. A linear amplitude-based method combines receptivity,
linear growth, and an amplitude correlation for predicting transition. Information about the model surface � nish
(and/or suction distribution) and the freestream disturbance environment is accounted for through the receptivity
process. The variable N-factor method is presented as a limiting case, following simplifying assumptions about the
receptivity. Transition N factors are presented as a function of the surface roughness. Results show a very good
correlation between the variable N-factor method and experimental data.

I. Introduction

B OUNDARY-LAYER transition can play a signi� cant role in
estimating airplane aerodynamic performance. Two types of

applications that are most sensitive to boundary-layertransition are
laminar-� ow control applications and separation-sensitiveapplica-
tions (e.g., high-lift design or analysis at off-design conditions).
Laminar-� ow control seeks to exploit the rather large differencesin
skin friction between laminar and turbulent boundary layers. High-
lift and off-design applications are usually seeking to maximize
performance, subject to a large number of constraints, without the
adverse effects of large-scale separation.

Motivatedby these two typesof applications,we presenta simpli-
� ed linear amplitudemethod for estimatingthe transitionlocation—
trying to balance the desires for improved physical accuracy and
for ease of use. Different applications may require different bal-
ances between these two desires. Thus, there is a need for a hierar-
chy of methods with incrementally increasing levels of ease of
use and, most likely, incrementally decreasing levels of physical
accuracy.

Airplane-performance estimation uses both computational � uid
dynamics (CFD) and wind-tunnel testing to predict the airplane
characteristicsin � ight (see, for example, Ref. 1). Wind-tunnel test-
ing is usually done at Reynolds numbers well below the � ight con-
dition. If the � ow � elds at wind tunnel and � ight Reynolds num-
bers are qualitatively similar, the Reynolds-number effects can be
accounted for through scaling. This approach may not be viable
for transition-sensitive � ows because the occurrence of transition
provides a qualitative (nonscalable) change in the boundary-layer
state. In some cases the low-Reynolds-numberboundary layers can
be tripped to improve scaling of the results to high Reynolds num-
bers. This may not be achievable in cases such as high-lift testing
because of the large variations in the attachment-lineposition over
the range of angles of attack.2 For these conditions, some account
must be given for the occurrence,or nonoccurrence,of transition.

Transition prediction for aerodynamic � ows is usually based on
the eN method.3, 4 An overview of this method is given in Reed
et al.5 In this method the total growth of a family of boundary-
layer instabilitymodes is calculatedbased on linear stability theory.
When the total growth exceeds some empirically de� ned threshold
eN , transitionis said to occur.The valueof N is basedon a collection
of wind-tunnel or � ight-test data. This method can be very effective
when applied to conditions close to the calibration data.
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The eN methodconsidersonly the lineargrowthof disturbances—
all other physics(includingexcitationand nonlinearbreakdown) are
empirically incorporated into the value of N . If the value of N is
calibrated for a particular wind tunnel (with given turbulence and
acousticbackgroundlevels), there is no a priori reason to expect that
value of N to be consistentwith observationsat other wind tunnels.
Likewise, if the value of N is calibratedfor a particularmodel (with
given roughness and waviness characteristics), there is no reason
to expect that value of N to be consistent with measurements for
different models.

A transition-predictionapproachbasedon � nite-amplitudedistur-
bances can avoid many of the shortcomings of the eN method. The
� nite-amplitude approach involves receptivity, instability growth,
and some criteria for transition onset.

Given suf� cient information about the freestream environment
and the aircraft geometry and surface � nish, a nonlinear amplitude-
based predictionmethod can be expected to yield the best estimates
of the transition location. To actualize the potential of these meth-
ods, detailed information is required about the surface � nish and
the freestreamdisturbanceenvironment.These methodsalso require
additionalcomputationaleffort comparedto linear-stabilitycalcula-
tions. The level of computationaleffort depends on the initial spec-
trum and in some cases can be quite signi� cant. Nonetheless, these
methods can be very important to applicationssuch as laminar-� ow
control when the � delity of the prediction may be critical.

Other applications, which have less stringent accuracy require-
ments, may be amenable to simpler linear-amplitude methods. To
accommodatethesevariousapplicationsandconstraints,a hierarchy
of transition-predictionmethods is required—from nonlinear am-
plitude methods, to linear amplitude methods, to variable N -factor
methods.

II. Linear Amplitude Methods
for Transition Prediction

In many applications the use of nonlinear-interaction methods
may not be justi� ed, which can be motivatedby the need for reduced
computational effort or by the lack of suf� cient initial-condition
data. Uncertainties in the initial amplitudes may outweigh the im-
proved accuracy of the nonlinear calculation/transition criteria. A
linear amplitude-basedmethod providesthe potentialfor signi� cant
improvement over the traditional eN method, without a signi� cant
increase in the computationaleffort.

Mack6 suggested a linear amplitude-basedmethod as a means of
explainingthe experimentallyobserveddependenceof transitionon
the freestream turbulence level. At the time of his study, there were
no analytical/numerical models for the various receptivity mech-
anisms that excite the instabilities. Focusing on turbulence as the
source perturbation, Mack proposed an amplitude-based method
for Tollmien–Schlichting (TS) wave transition in two-dimensional
boundary layers. This method used experimental data to link the
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linear instability amplitudes to the freestream turbulence intensity
(to the power 2) and to the occurrenceof transition.The experimen-
tal data showed an N -factor variation proportional to the turbulent
intensity to the power 2.4 in reasonable agreement with the linear-
amplitude approximation.

Here we exploit more recent developments in the understand-
ing of receptivity to formulate linear-amplitude methods for three-
dimensional boundary layers. These methods are aimed at mod-
erately low-disturbance environments with a turbulent intensity
T u = [(u 0 2 + v 0 2 + w 0 2)/ 3]1/2 up to T u ¼ 0.2%. The focus is on
cross� ow (CF) instabilities where the primary source perturbations
are surface roughnessand/or suction variations.At moderate turbu-
lence levels the freestream turbulence is also consideredas a source
perturbation for traveling CF instabilities.

A. In� nite Swept-Wing Flow
We introduce a coordinatesystem x , y, z, where x is chordwise,

z is spanwise, and y is normal to the surface; the corresponding
velocities are u, v, w . For the discussion of transition prediction,
the unperturbed boundary layer (base � ow) is assumed to be span-
wise independent, @/@z = 0. Disturbance growth is then limited to
the chordwise direction.7 Linear modes preserve dimensional fre-
quency x and dimensional spanwise wave number b at different
chordwise positions. Focusing on the chordwise velocity compo-
nent, the disturbance velocity can be written in the form

u(x , y, z, t ) = û(x , y; b , x )ei b z ¡ i x t (1)

where û dependson b and x parametrically.In general, the instabil-
ity variation in x is characterized by a chordwise wave number a .
This wave number varies with chordwise position and is a function
of the frequency and spanwise wave number a = a (x ; b , x ).

B. Independent Routes to Transition
The use of a linear-amplitudecorrelation implies that the various

modes of instabilityevolve independently.Transitionis given by the
� rst occurrenceof an instabilitymode (i.e., TS or CF instability) ex-
ceeding its linear transition amplitude. Some nonlineardependence
between the modes can be empirically accounted for by allowing
the transition amplitude of one mode to be a function of the linear
amplitude of another. This is analogous to varying the TS-wave N
factor as a function of the CF-instability N factor.

In addition to the distinctionbetween TS and CF instabilities,we
consider stationaryand travelingCF instabilitiesas distinct families
of modes. This is motivatedby the different receptivitymechanisms
that generate these instabilities. Stationary CF instabilities are ex-
cited directly by steady surface variations; traveling CF instabilities
require an unsteady source such as freestream turbulence.The rela-
tive importanceof stationaryand travelingCF modes dependson the
freestream turbulencelevel and their relative growth. These distinc-
tions lead to three different families of modes: TS waves, stationary
CF instabilities, and traveling CF instabilities.The focus here is on
stationary and traveling CF instabilities.

C. Linear Amplitude Variation
Starting from an initial-amplitude spectrum at x0 , A(x0; b , x ),

the chordwise-varyinglinear amplitude is given by

A(x ; b , x ) = A(x0; b , x )eN (x0 ,x ; b , x ) (2)

The factor N (x0 , x ; b , x ) characterizes the linear ampli� cation
of a given mode from x0 to x , N (x0, x ; b , x ) = [A(x ; b , x ) /
A(x0; b , x )]. If x0 is taken to be the neutral-point location x I for
a given mode, A(x I ; b , x ) is the effective branch-I amplitude, and
N (x I , x ; b , x ) is the usual ampli� cation N factor.The lineargrowth
can then be calculated using a typical eN method.

The N factor may be based on a quasiparallel application of the
Orr–Sommerfeld equation or of a reduced lowest-order equation.8

An alternativeapproachfor calculatingthe lineargrowthwould be to
apply the parabolizedstability equations(PSE), which also account
for nonparallel effects.9 – 11

For a given family of primary-instabilitymodes (e.g., TS waves,
stationaryCF instabilities), transition is assumed to occur when any

mode within the family reaches a given threshold amplitude AT .
The transition-onsetlocation xT is determined by the condition

max
b , x

A(xT ; b , x ) = AT (3)

The value of AT is determined empirically and will show some de-
pendence on the environmental conditions. Each family of modes
has its own value of AT , which we write as ASCF and ATCF for sta-
tionary CF instabilities and traveling CF instabilities, respectively.
Note that AT is an effective linear amplitude and thus may not cor-
respond to the measured transition amplitude of an experiment.

The combination of Eqs. (2) and (3) provides a link between
transition and the initial disturbance levels. This requires a recep-
tivity calculation in addition to the linear-stability calculation. The
transition prediction is described by three (somewhat distinct) ele-
ments: the receptivityamplitudes A(x0; b , x ), the instabilitygrowth
N (x0, x ; b , x ), and the transition-amplitudecriteria AT . The values
of AT (for the different instabilities) are based on empirical criteria,
but the initial amplitudes and the linear growth can, in principle, be
determined theoretically.

III. Variable N-Factor Method
The idea of variable N factors is not new—in fact, the value of N

often varies from one application to another. This is not surprising
becauseall of the receptivityand nonlinearphysics are incorporated
into the N factor. Each new application requires a new calibration
for N . To expand the applicabilityof the eN method and reduce the
need for calibration,a systematic (a priori) variationof the N factor
is required.

Mack6 provides one of the earliest attempts to systematically
model the variationof N associatedwith TS-wave transition.Using
� at-plate wind-tunneldata, Mack deduced a variation of N with the
freestream turbulence intensity T u:

N = ¡ 8.43 ¡ 2.4 (T u) (4)

A valueof N =9 is obtainedfora turbulenceintensityof 0.07%.This
correlationappearsmost usefulat higher turbulencelevelswhere the
turbulencecan be a dominantsourceof instabilityexcitation.At low
turbulence levels (below T u ¼ 0.2%), acoustic � uctuations play an
equal or greater role in in� uencing TS-wave transition.

Here we focus on CF instabilitiesin low-to-moderatedisturbance
environments. Crouch12 and Radeztsky et al.13 have suggested that
the stationary-CF N factor may be linked to surface roughness.The
variable N -factor method is considered as a limiting case of the
linear-amplitude method presented in Sec. II. The value of N is
varied in accordance with the receptivity theory, and the effective
linear amplitude at transition is assumed to be a constant for a given
type of instability. Thus the range of applicability of the N -factor
method is extended by including the receptivity in the value of N at
transition.

A. Receptivity Approximations
An amplitude-basedmethod requires the ability to determine the

initial amplitudes for the relevant instabilitymodes. Reviews of the
basic receptivityphysics and summaries of the different receptivity
mechanisms are given in the papers of Goldstein and Hultgren,14

Saric et al.,15 Wlezien,16 Choudhari and Streett,17 and Crouch.18

Here, the dominant surface variation is considered to be nonlocal-
ized with a nearly uniform spectrum over the range of unstable
wave numbers. The details of the spectrum can be neglected, and
the surface roughness (or suction) variation can be characterized
by the nondimensional rms variation d . The freestream turbulence
is characterized by the turbulence intensity T u. Stationary CF in-
stabilities are excited by surface roughness or by variations in the
surfacesuctionvelocity.Assuming that the nonlocalized-receptivity
coef� cient varies weakly over the band of relevant modes, we can
write the effectivebranch-I amplitude for stationaryCF instabilities
as

A(x I ; b , 0) = d C̄SCF (5)

The receptivity coef� cient C̄SCF dependson the details of the recep-
tivity process, but is considered to be independent of b .
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The excitation of traveling CF instabilities involves unsteady
freestream disturbances, possibly in combination with surface
roughness (or suction variations). Receptivity analyses show the
acousticreceptivityfor travelingCF instabilitiesresultsin initialam-
plitudes much smaller than the stationary-CF amplitudes generated
by the same surface roughness (or suction). Estimates based on an
acoustic amplitude of approximately 0.01% of the edge velocity
show an initial stationary-mode amplitude 100 times larger than a
correspondingtraveling mode.12 This suggests a strong bias toward
stationary CF modes in low-disturbance environments.12 , 19 A bias
toward stationarymodes was observed in the experimentsof Muller
and Bippes20 and Takagi et al.21; however, as the level of freestream
disturbances is increased, traveling CF instabilities become more
important.22 Likewise, Takagi and Itoh23 have shown that a reduc-
tion in surface roughness,with � xed freestream disturbance levels,
increases the importance of traveling CF instabilities.

The combination of the experiments and the analysis suggests
that the excitation of the traveling CF modes is more the result of
turbulence than of acoustic � uctuations. Neglecting the details of
the surface-variationand turbulence spectra and assuming a linear
dependenceon d , the branch-I traveling-CFamplitude is written as

A(x I ; b , x ) = d C̄TCF (6)

The receptivitycoef� cient C̄TCF dependson the turbulenceintensity
T u, but is considered to be independent of b and x . Equation (6)
implies that the receptivity results from a coupling between the
turbulenceand the surfacevariation.A more explicittreatmentof the
turbulence level will require a better understanding of the detailed
mechanism by which the traveling modes are excited.

The value of d is based on local scaling in the neighborhood
of the neutral points, x = x I . For surface roughness or waviness d
is an rms height nondimensionalized by the local boundary-layer
displacement thickness d ¤ based on the streamwise velocity pro� le.
For surface suction d is an rms velocity nondimensionalized by
the local edge velocity. Thus the variable N factor accounts for
some of the unit-Reynolds-numbereffects throughthe local scaling.
A change in the unit Reynolds number will change the reference
quantitiesat a givenchordpositionand, in somecases,also thechord
position of the neutral points. Further details about the receptivity,
including some receptivity coef� cients, are given in Ref. 18.

B. Stationary CF Transition
For low-disturbance environments, experiments show a signi� -

cantbias toward stationarymodes of CF instability.The experiments
of Takagi et al.21 show no signi� cant traveling CF instability with
a turbulence intensity of T u ¼ 0.02%. At higher turbulence levels
traveling CF modes become important and eventually the dominant
mode of CF instability.22

Focusing on low-disturbance environments the transition can be
expectedto correlatemost stronglywith the stationaryCF-instability
amplitude. Combining Eq. (5) with Eqs. (2) and (3), the stationary
CF amplitudes at transition satisfy the condition

max
b

[d C̄SCFeN (x I ,xT ; b , 0)] = ASCF (7)

Introducing NSCF as the stationaryCF-instability N factor at transi-
tion, Eq. (7) becomes

NSCF ´ max
b

[N (x I , xT ; b , 0)] = ( ASCF

d C̄SCF
) (8)

Expanding the right-hand side of Eq. (8) and introducing NSCF 0 =
( ASCF / C̄SCF) gives

NSCF = NSCF 0 ¡ ( d ) (9)

The quantity NSCF 0 = ( ASCF / C̄SCF) is a reference N factor that
depends on the particular nondimensionalization of d . The form
of Eq. (9) is in agreement with the analysis of Crouch12 and the
observations and suggestions of Radeztsky et al.13

For given levels of roughness(or suctionvariation) d , the station-
ary CF instability N factor NSCF can be experimentallydetermined.
The value of NSCF 0 can then be backed out of Eq. (9). Alternatively,

C̄SCF can be calculated from receptivity theory and combined with
ASCF to calculate NSCF 0 . With NSCF 0 known, the N factor for any
value of the roughness (or suction) is given by Eq. (9).

C. Traveling CF Transition
As discussed in Sec. III.A., traveling CF instabilitiesplay a dom-

inant role in transition for higher freestream disturbance levels. For
these conditions the transition location is linked to the traveling CF
amplitude. Combining Eq. (6) with Eqs. (2) and (3), the traveling
CF amplitudes at transition satisfy the condition

max
b , x

[d C̄TCFeN (x I ,xT ; b , x )] = ATCF (10)

Introducing NTCF as the traveling CF-instability N factor at transi-
tion, Eq. (10) becomes

NTCF ´ max
b , x

[N (x I , xT ; b , x )] = ( ATCF

d C̄TCF
) (11)

Expanding the right-hand side of Eq. (11) and introducing NTCF 0 =
(ATCF / C̄TCF) gives

NTCF = NTCF 0 ¡ ( d ) (12)

In this case the reference N factor NTCF 0 dependson the turbulence
intensityT u. The valueof NTCF 0 is determinedfromanexperimental
NTCF for a given level of roughness (or suction variation) d and a
given turbulence intensity T u using Eq. (12).

IV. Variable N-Factor Results
Figure 1 shows the variation of the stationary CF instability N

factor for different levels of surface roughness. The symbols show
the experimentaldata of Radeztskyet al.13 based on quasiparallelN
factors. Radeztsky et al.13 have noted that the CF-instability ampli-
tude ratios appeared to vary as the inverse of the roughness height
and that this provideda potentialquantitativelinkbetween N factors
and roughness.The datapointsare for the highestReynoldsnumbers
consideredfor each surface roughness in order to avoid cases where

Fig.1 StationaryCF-instabilityN-factorvariationwith surface rough-
ness level (NSCF 0 = 2.3). Quasiparallel calculations based on experi-
ments of Radeztsky et al.13; Tu = 0.02%.

Fig.2 StationaryCF-instabilityN-factorvariationwith surface rough-
ness level (NSCF 0 = 3.5). Nonparallel calculations based on experiments
of Radeztsky et al.13; Tu = 0.02%.
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Fig.3 StationaryCF-instabilityN-factorvariationwith surface rough-
ness level (NSCF 0 = 5.0). Quasiparallel calculations based on experi-
ments of Deyhle and Bippes22; Tu = 0.15%. The solid line is from Fig. 1
(NSCF 0 = 2.3).

Fig.4 StationaryCF-instabilityN-factorvariationwith surface rough-
ness level (NSCF 0 = 7.0). Nonparallel calculations based on experiments
of Deyhle and Bippes22; Tu = 0.15%. The solid line is from Fig. 2
(NSCF 0 = 3.5).

the transition occurred close to the pressure minimum. Additional
details for thecalculationsaregiven in the Appendix.The freestream
turbulenceintensity is T u =0.02% over the range 2 Hz–1 KHz; de-
tailedmeasurementsshowvorticaldisturbancesto be dominantover
acoustic disturbances in this frequency range. Transition locations
are based on naphthalene � ow visualization and correspond to the
location of the rapid rise in u 0 . The roughnessheight d is an integral
rms level � ltered 20–1500 l m. These length scales are below the
wavelengths for the instabilities, but the rms values should provide
a representativemeasure of the roughness.The roughnessheight is
nondimensionalizedby the streamwise-pro�le displacement thick-
ness d ¤ at the neutral point location for the critical mode (i.e., the
modewith the maximumvalueof N at xT ). The solid line is obtained
from Eq. (9) with NSCF 0 = 2.3, determined from the experimental
� t. This comparison shows a good correlationbetween the variable
N factor surface roughness.

Figure 2 shows the variationof the stationaryCF N factor for the
experimental data of Radeztsky et al.,13 now based on nonparallel
N factors calculated using the PSE code ECLIPSE24 (see the Ap-
pendix for details). When the nonparallel and curvature effects are
included, the reference N factor is increased to NSCF 0 =3.5. The
shift of the data points toward higher roughness values (compared
to Fig. 1) is caused by the upstream movement of the nonparallel
neutral points. The degree of correlation is slightly improved by the
inclusion of the nonparallel and surface-curvatureeffects. This rel-
atively small change can be expected because the nonparallel and
surface-curvatureeffects occur primarily in a narrow zone near the
leading edge and the net change in growth rate is about the same for
all of the cases considered.When consideringa differentmodel, the
N factors based on nonparallel and surface-curvature effects may
provide a better correlation.

Figure 3 shows the variationof the stationaryCF N factor for the
experimental data of Deyhle and Bippes22 based on quasiparallel
analysis as described in the Appendix. The rms roughness levels
were estimated from the measured peak-to-peak values by divid-

Fig. 5 Traveling CF-instability N-factor variation with surface rough-
ness level. Quasiparallel ( , NTCF 0 = 9.4) and nonparallel (u ,
NTCF 0 = 12.8) calculations based on experiments of Deyhle and
Bippes22; Tu = 0.15%.

ing by 2
p

2. The freestream turbulence intensity for this case is
T u = 0.15% over the range 2 Hz–2 KHz; measurements show vor-
tical disturbances to be dominant over this range of frequencies.
These data do not collapse as well as the results of Fig. 1. In addi-
tion, the reference N factor (used for the dashed line) is NSCF 0 = 5.0
compared to a value of 2.3 from Fig. 1. Nonparallel calculationsare
presented in Fig. 4. Inclusion of the nonparallel effects does not
improve the level of collapse or the degree of comparison with the
NSCF 0 value from the Radeztsky et al. data.13 The differences in
the correlations for the two experiments may be caused, in part, by
differences in the measures and � lters used for the rms values.

These differences may also be the result of differences in the
turbulent intensity. This would suggest that larger linear transi-
tion amplitudes are achieved in higher-turbulence� ows. In fact, at
T u = 0.15% traveling CF instabilitiesmay be more strongly linked
to the occurrenceof transition.Experiments of Muller and Bippes20

show stationaryCF instability to have larger amplitudes than travel-
ing CF instabilityat T u = 0.08%; however, at T u =0.15% the trav-
eling CF is initially larger. The experimentsof Deyhle and Bippes22

show an increasing role of traveling CF modes as the turbulence in-
tensity is increased.When the turbulencelevel exceeds T u ¼ 0.2%,
the traveling modes become dominant.

Figure 5 shows the variation of the traveling CF N factor for the
experimental data of Deyhle and Bippes22; both quasiparallel and
nonparallel results are given (see the Appendix for additional de-
tails). The data compare very well with the traveling CF variable N
factor using a reference value of NTCF 0 = 9.4 or 12.8 for quasipar-
allel or nonparallel calculations, respectively. The results of Fig. 5
were based on the traveling-CF receptivity described by Eq. (6).
Note, however, that similar results could be obtained even if the
traveling CF receptivity were independent of the roughness d ; this
would occur if the traveling-CFtransitionamplitude ATCF depended
linearly on the stationary-CF amplitude (which depends on d ).

To the degree that the linear approximationis justi� ed, the results
of Figs. 3–5 suggest that traveling CF instabilities are dominant
for transition at turbulence levels T u ¼ 0.15%. This is further sup-
ported by the results of Masad and Abdelnaser.25 Their analysis
suggests that traveling CF instability is responsible for transition in
the swept-cylinder experiments of Poll,26 which were conducted at
a moderately low turbulence level, T u < 0.16%. The stronger am-
pli� cation of the traveling CF instabilities can offset a receptivity
bias toward stationary modes.

The transitiondata of Poll26 were reasonablywell correlatedwith
a nonparallel traveling CF-instability N factor of 15 (Ref. 25). Cal-
culationsofMalikandBalakumar27 showvery little N -factorchange
resulting from the combined nonparallel and surface-curvature ef-
fects for the experimental con� guration of Poll.26 From Fig. 5 an N
factor of 15 would correspond to an rms roughness level of approx-
imately 0.004d ¤ based on a quasiparallel results and 0.11 d ¤ based
on nonparallel results. For an estimated neutral-pointdisplacement
thickness d ¤ ¼ 0.1 mm the corresponding rms surface roughness
would be h rms ¼ 0.4 or 10 l m for quasiparallelor nonparallelcorre-
lations, respectively. The actual roughness level was not measured
in the experiment.
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Based on the experimental results and correlations, the estimated
transition is linked to the stationary CF instabilities for very low
turbulence intensities T u ¼ 0.02% and to the traveling CF insta-
bilities for moderate turbulence intensities T u ¼ 0.15%. Further
re� nements will require additional experimental data at different
turbulence levels.

V. Conclusions
The variable N -factor method provides an improvement over

the usual N -factor approach without additional computation. This
method could be very useful for applications in which the distur-
bance environment and the model � nish are only known by some
nominal measures and/or a minimum computational effort is re-
quired.

The variable N factor assumes a correlation between the transi-
tiononsetand the linearamplitudeof the relevant instabilities.Initial
amplitudes for the instabilitiesare linked to the nonlocalizedrecep-
tivity througha simpli� ed model. The method requiresa measureof
the surface roughness variation, or surface suction variation, in the
neighborhood of the instability neutral points (where nonlocalized
receptivity occurs). Signi� cant localized receptivity sources, such
as a single row of roughness elements, are not accounted for in the
N -factor variation.

Results show good agreement between the variable N -factor
method and experiments for CF-instability transition. For low-
turbulenceenvironmentsT u ¼ 0.02%, the transition onset is linked
to stationaryCF instabilities.Values for the stationaryCF-instability
N factorarepresentedbasedon theexperimentsofRadeztskyet al.13

For moderate-turbulenceenvironments with T u ¼ 0.15%, the tran-
sition onset is linked to traveling CF instabilities. Values for the
traveling CF-instability N factor are based on the experiments of
Deyhle and Bippes.22 Variable N factors are presentedas a function
of the normalized rms surface-roughnessvariation for both station-
ary and traveling CF instabilities.

Appendix: N-Factor Calculations
Details for the calculations of Figs. 1–5 are given in

Tables A1–A5, respectively. The variables presented include
Reynolds number RC = Q 1 C / m , streamwise displacement thick-
ness at the critical-mode neutral point d ¤ , nondimensional rough-
ness height d =h rms / d ¤ , transition N factor NSCF or NTCF , and the
critical-mode spanwise wavelength k z . The wing chord C is mea-
suredin the directionof the freestreamvelocity Q 1 . The nonparallel
N factors are based on the chordwise u-pro� le maximum.

The calculations for the experiment of Radeztsky et al.13 are
based on their Fig. 2 and on the computationalCp given in Haynes
and Reed.28 Earlier studies have shown good agreement between
theory and experiment for instability growth28 and for localized
receptivity29 based on these � ow conditions.

The calculations for the experiment of Deyhle and Bippes22

are based on the 1 MK Cp given in their Fig. 3. The effective
freestreamvelocitiesand sweep angle 43.5 deg were used, resulting
in edge conditions in agreement with Deyhle and Bippes’s Fig. 5

Table A1 Quasiparallel results for stationary CF used in
Fig. 1, based on the experimental results from Radeztsky

et al.13 (Fig. 4)

RC d ¤ , mm d NSCF k z , mm

hr ms = 0.25 l m
3.0 £ 106 0.20 0.0013 9.2 10
3.3 £ 106 0.18 0.0014 9.2 9
3.6 £ 106 0.16 0.0016 9.0 8

hr ms = 0.51 l m
2.6 £ 106 0.23 0.0022 8.9 11
3.2 £ 106 0.18 0.0028 7.9 9
3.7 £ 106 0.15 0.0034 7.8 8

hrms = 3.3 l m
2.2 £ 106 0.27 0.012 6.9 12
2.5 £ 106 0.22 0.015 6.2 10
3.0 £ 106 0.18 0.018 5.8 8
3.5 £ 106 0.15 0.022 6.3 7

Table A2 Nonparallel results for stationary CF used in
Fig. 2, based on the experimental results from Radeztsky

et al.13 (Fig. 4)

RC d ¤ , mm d NSCF k z , mm

hr ms = 0.25 l m
3.0 £ 106 0.14 0.0018 9.8 10
3.3 £ 106 0.13 0.0019 10.0 10
3.6 £ 106 0.13 0.0019 9.9 9

hr ms = 0.51 l m
2.6 £ 106 0.16 0.0032 9.4 12
3.2 £ 106 0.13 0.0039 8.8 9
3.7 £ 106 0.12 0.0042 8.8 8

hrms = 3.3 l m
2.2 £ 106 0.18 0.018 7.5 13
2.5 £ 106 0.16 0.021 7.2 11
3.0 £ 106 0.14 0.024 6.8 9
3.5 £ 106 0.12 0.028 7.4 8

Table A3 Quasiparallel results for stationary CF used in
Fig. 3 for Tu = 0.15%, based on the experiments of Deyhle

and Bippes22

RC d ¤ , mm d NSCF k z , mm

1.04 £ 106 0.35 0.040 9.0 11
1.15 £ 106 0.32 0.0066 9.9 11
1.18 £ 106 0.32 0.0055 10.0 11
1.27 £ 106 0.30 0.0021 10.7 10

Table A4 Nonparallel results for stationary CF used in
Fig. 4 for Tu = 0.15%, based on the experiments of Deyhle

and Bippes22

RC d ¤ , mm d NSCF k z , mm

1.04 £ 106 0.24 0.059 10.7 12
1.15 £ 106 0.23 0.0092 11.5 11
1.18 £ 106 0.23 0.0077 11.7 11
1.27 £ 106 0.22 0.0029 12.4 10

Table A5 Quasiparallel and nonparallel results for
traveling CF used in Fig. 5 for Tu = 0.15%, based on

the experiments of Deyhle and Bippes22

RC d ¤ , mm d NTCF k z , mm

Quasiparallel
1.04 £ 106 0.36 0.039 12.9 12
1.15 £ 106 0.32 0.0066 14.2 11
1.18 £ 106 0.32 0.0055 14.5 11
1.27 £ 106 0.30 0.0021 15.5 11

Nonparallel
1.04 £ 106 0.25 0.057 15.9 12
1.15 £ 106 0.23 0.0092 17.2 11
1.18 £ 106 0.23 0.0077 17.5 11
1.27 £ 106 0.22 0.0029 18.7 11

for Q 1 = 20.5 m/s. The traveling CF instability results in Table A5
are for the most ampli� ed frequency f = 180 Hz.
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